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Abstract
We discuss two different incompatible Poisson pencils for the Toda lattice by
using known variables of separation proposed by Moser and by Sklyanin.
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1. Introduction

A bi-Hamiltonian manifold M is a smooth manifold endowed with two compatible bi-vectors
Py, Py such that

[Py, Pol =[Py, P1] =[P, P1] =0,

where [.,.] is the Schouten bracket. Such a condition assures that the linear combination
Py — APy is a Poisson pencil, i.e. it is a Poisson bi-vector for each A € C, and therefore the
corresponding bracket {., .}o + A{., .}| is a pencil of Poisson brackets [5].

Dynamical systems on M having enough functionally independent integrals of motion
Hi, ..., H, in the involution with respect to the both Poisson brackets

{H;, Hj}o ={H;, H;j}; =0 (1.1

will be called the bi-integrable systems.

The main aim of this paper is to prove that the Toda lattice is a bi-integrable system with
respect to two essentially different Poisson pencils Py + A P; and Py + A P, which are related
with two known families of the separated variables [6, 7].

The first Poisson pencil Py + A P; related to the action—angle or the Moser variables was
found by Das, Okubo and Fernandes [1, 4]. For the periodic Toda lattice similar Poisson tensor
in physical variables was found in [9]. Construction of the second Poisson pencil Py + A P}
related to the Sklyanin variables is a new result.
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2. The separation of variables method

Let us briefly recall some necessary facts about the separation of variables method [2, 3, 8, 9].
A complete integral S(g, ¢) of the Hamilton—Jacobi equation

9S(q,t 0S(q,t
@0 (g 859D ) o, .1
at aq
where ¢ = (qi1,...,4,), 1S a solution S(g,t,;,...,q,) depending on n parameters
o = (aq, ..., a,) such that
3%8(q, t,
det |25@ L g 2.2)
quaaj

For any complete integral of (2.1) solutions ¢; = ¢;(t,«, B) and p; = p;(t, «, B) of the
Hamilton equations of motion may be found from the Jacobi equations

05(q,t,a) _0S8(q, 1, )

;= ; , i =1,...,n. 2.3
B b o i n (2.3)
According to (2.2) if we resolve a second part of the Jacobi equations with respect to parameters
ap, ..., a, one gets n independent integrals of motion

oy = Hy(p,q,t), m=1,...,n, 2.4)

as functions on the phase space M with coordinates p, g.

Definition 1. A dynamical system is a separable system if the corresponding complete integral
S(q,t,a) has an additive form

S(g,t, oy, ...,0,) = —Ht+ZS,~(q,~,a1, e, ). (2.5)

i=1

Here the ith component S; depends only on the ith coordinate q; and o.

In such a case the Hamiltonian H is said to be separable and coordinates ¢ are said to be
separated coordinates for H, in order to stress that the possibility of finding an additive
complete integral of (2.5) depends on the choice of the coordinates.

For the separable dynamical system we have

92 0 d ;
S=—1[—5;]=0, for all Jj F£k, (2.6)
dqrdq;  dqr \9q;
such that the second Jacobi equations (2.3) are the separated equations
0 0
pi==—35S;g,a,....a) or ¢j(pj.qj.0) = pj — ——S;(qj. ) = 0. (2.7)
dq, 9g;

Here the jth equation contains a pair of canonical variables p; and g; only.

Proposition 1. For any separable dynamical system integrals of motion H,,(p, q,t) (2.4) are
in the involution

{Hi, Hp}r =0, kkm=1,... n,
with respect to the following brackets {., .}y on M:

{pi-q;}r=23i;fi(p,q), {pi.pjty =1{qi,q;}r =0, (2.8)
which depend on n arbitrary functions fi(p,q), ..., fu(P,q).
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Proof. In fact, we have to repeat the proof of the Jacobi theorem given by Liouville. Namely,
differentiate relations (2.4) by g; and then substitute momenta p; from separated equations
(2.7) to obtain

n

dH,, dH,, dp; 0H, dH, S,
+ Z i _ + ) =0
9q; dpi 9q; dq;  dp; 9q;

i=1

O

It follows that for any Hj and H,,

n

dH, (9H, 0H, dS; ", 3H, dH, dH, 9H,, 3°S;
2 50N\t 507 ) T2 5a 2Ty o 5 = O
pj \ 94; pj 9q; ‘o Opj 9q;  4=/"7 0pj 0pj 3q;

Permuting indices k and m and subtracting the resulting equation from the previous one we
get

n

0Hy 0H,  0H, dH;
>, -] =0

= Bpj 8qj 8p] aqj

The final assertion easily follows.
Brackets {., .} r (2.8) are the Poisson brackets if and only if

[Pf, P;1=0, 2.9)

where

_ 0 diag(f1, ..., fu)
fr= (— diag(fi. ... f) 0 ) : (2.10)

Proposition 2. If the jth function

fitp.a) = fi(pj.q;), j=1,....n (2.11)

depends only on the jth pair of coordinates pj, q; then brackets {., .}y (2.8) are the Poisson
brackets, which are compatible with canonical ones.

Proof. Substituting the tensor P, (2.10) into the equations:

0 I
[P(), Pf] = [Pf, Pf] = 0, where PO = <—I O) 5
one gets the following system of partial differential equations:
o _ i Of _ (i _
dqr Ok Yagr  ope

for all j # k # i. The separable functions f;(p;, g;) (2.11) satisfy this system of equations.
So, the corresponding tensor P (2.10) is the Poisson tensor, which is compatible with the
canonical tensor P. 0

According to the following proposition, the separation of variables method is closely
related with the bi-Hamiltonian geometry [2, 3].

Proposition 3. Any separable dynamical system is bi-integrable system.

Proof. In order to get a pair of compatible Poisson brackets on the phase space M it is enough
to postulate brackets (2.8)

(pi.gj}r=20iifi(pj.q;), {pi,pjty =1{qi-9;}y =0 (2.12)
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between the known separated variables g; and p; for a given dynamical system. According to
proposition 1, the corresponding integrals of motion H,,(p, g, t) (2.4) are in the bi-involution
with respect to brackets {., .}o and {., .} 7. O

For the dynamical systems separable in the so-called Darboux—Nijenhuis coordinates
proposition 3 has been proved in [2, 3] using the recursion operator N = Py P(f1 and its
geometric properties.

The separated variables (p, ¢g) are defined up to canonical transformations

pj = bj =X;(pj,q;), q; =~ 4; =Y;(pj. q;), (2.13)
which have to preserve the canonical tensor Py and would change the form of the separated
equations ¢;(p;, q;, ) = 0 (2.7) and the second tensor Py. It is clear that freedom in the
choice of the functions f;(p;, g;) is related with this freedom in the definition of the separated
variables.

Let us consider the dynamical system simultaneously separable in the (p, ¢) and (p, ¢)
variables related by the generic canonical transformation

P —> Pi=X;(Pty- s Pus 1y -5 Q)
Qj_>qj:Yj(pl’---,Pn"Zl’“-in)a

which is distinguished from the particular transformation (2.13). For such systems we can
suppose the following:

(2.14)

Proposition 4. Dynamical systems separable in the (p, q) and (p, q) variables related by
(2.14) are bi-integrable systems with respect to two different Poisson pencils.

It is clear that there are a lot of systems separable in different separated variables
canonically related to each other, because a family of transformations (2.14) include standard
transformations from the separated variables (p, g) to the action—angle variables (p, §).
Another example is the so-called superintegrable systems.

In the next sections, we demonstrate how these propositions work for the open and periodic
Toda lattices.

Remark 1. According [2, 3] for the stationary systems differentiating the separated
equations (2.7)

0 0
<¢]d - ¢]d ) Z ¢’dH_O (2.15)
dq; = oH
then applying N* = P_l P/ and substituting (2.15) into the resulting equation one gets

¢j ¢/ ‘ 3¢j

d + N*dH = H; + —N*dHl =0.

/i <a‘b Z - Z ; OH;
It follows that

d
Zaf;NdH f]Z ¢]de, j=1,...,n,

that is, in matrix form

N*dH =dHF. (2.16)
Here, an n x n control matrix F' with eigenvalues fi, ..., f, is defined by
a¢;
1 -
F=J7 diag(fi, ..., fu)J, in:a_HJ,-

and dH is a 2n x n matrix with entries dH;; = dH;/dz;, where z = (¢, p).
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Equation (2.16) means that the subspace spanned by covectors dH, ..., dH, is invariant
with respect to N* [3].

Example 1. For further use we introduce the special control matrix F, which is the Frobenius
matrix

C1 1 0 0
c 0 1 - 0

Fr=1|. o 1l (2.17)
¢, 0 - 0

Here, ¢ are the coefficients of the characteristic polynomial Ay ()) of the recursion operator
N=P;P;":

Ay(A) = (det(N —AD)2 = A" — (e A" T+ 4¢,) = l—[(k — X)) (2.18)
j=1

3. Open Toda lattice

We start this section listing some well-known facts about the open Toda lattice associated with
the root system of <7, type.
The Hamilton function is equal to

n—1

H = %ipiz + Z edi
i=1 i=1

where g; denotes the position of the ith particle and p; is its momenta such that

{qi, pjYo = &ijs {pi.pjto=1{qi.q;}o =0. (3.1
Consequently, the equations of motion read

gi = pi, pr=—el"e, pp = et
and

pi = elim1 74 — edim it i=2,...,n—1

The exact solution is due to the existence of a Lax matrix. Consider the L-operator

L= (* P _eqi> (3.2)

e i 0

and the monodromy matrix

TA) =L Lyit(M)L, () A BO) detT(A) =1 (3.3)
= o bip— n == ) et =1, .
: : c(h) DG
which depends polynomially on the parameter A:
M+AMN . 1A, BA"l4...+ B,
rm = n-1 -2 :
CIA"7 +---+C, Do) 4.+ D,

The monodromy matrix satisfies Sklyanin’s Poisson brackets:

{TMETWl =[r—w), TR @ T(W], (3.4
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where r (A — ) is the standard 4 x 4 rational r-matrix:
1

—1
r(h—p)=——-II, M=

PR (3.5)

S O O
- o O

S O = O

- O O O

0

The Monodromy matrix 7 (A) is the Lax matrix for the periodic Toda lattice, whereas the
Lax matrix for the open Toda lattice is equal to

A B 1
To(x)zKT()\)=<0 0)()\), K:(O 8).

The trace of the Lax matrix
‘wl,(A) =AQ) = A"+ HA" '+ + Hy, {H;,Hj}=0 (3.6)

generates n independent integrals of motion H; in the involution providing complete
integrability of the system [7].

3.1. The Moser variables

In this section, we briefly discuss the relation between the Moser variables [6] and the known
bi-Hamiltonian structure for the open Toda lattice given by Das and Okubo [1]. The more
detailed discussion may be found in [9].

According to [6], we introduce the n pairs of the separated variables A;, u;,i =1, ..., n,
having the standard Poisson brackets,
{Ais Ajto = {mi, mjto =0, {Ais jlo = 8ij, (3.7

with the A variables being n zeros of the polynomial A(A) and the p variables being values of
the polynomial B(A) at those zeros,

A(x) =0, Wi =1n B(A;), i=1,...,n. (3.8)
The corresponding separated equations
AQ) = W'+ HA" '+ -+ Hy)m, =0
depend on the coordinates A; only.
The interpolation data (3.8) and n identities
B(X)C(A;)) =detT(1) =1
allow us to construct the separation representation for the whole monodromy matrix 7 (1):
AQ) = A —A)R —A2) -+ (A — An),

n el
BO) =AM Y G Ay
. (3.9)

Mi

n e_
CA)=-AR) ) ———7—,
; (A —ADA (A)

1+ BO)C()

D) =
) A0
If we postulate the following second Poisson brackets (2.12)
{Ais it = Xidij, {MisAjh = {mis njh =0,

one gets [9]
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{AQ), A(wh ={BA), B(w)}1 =0,
(3.10)

1
{A(), B(wh = m(MA(X)B(M) — AA()B(2)).

The first bracket in (3.10) guarantees that integrals of motion H; (3.6) from A(X) are in the
bi-involution.

Substitute polynomials A(A) and B(A) in initial (p, g) variables into the brackets (3.10)
and solve the resulting equations to obtain the known second Poisson tensor [1, 4]

n

n—1

a a a a ad a

POPenz edi—gi+i AN — + E pi— N—+ E —_— A —. (311)
! ; Opiv1  Opi = 9qi  Opi dq;  dqi

i<j

The minimal characteristic polynomial of the corresponding recursion operator Ny =
Pl0 pen PO_' is equal to

Ay, ) =A== =1"+> " Ha .
j=1 j=1

So, the (A, u) coordinates are variables of the separation of the action—angle type [3], i.e. the
corresponding dynamical equations are trivial:

{H,-,M}:O, i,jzl,...,l’l.
The Hamiltonians H; (3.6) from A(X) satisfy the Frobenius recursion relations

Ny, dH; = dH;y, — H; dH,, (3.12)
where N, = Py ' P*" and H,.; = 0, i.e. The Hamiltonians H; satisfy equation (2.16) with
the Frobenius matrix Fy (2.17).
Example 2. For the three-particle open Toda lattice Hamiltonians H; (3.6) are

Hy = —(p1+ p2+ p3),
Hy = pip2+ pips+ paps — el — P70,
H3y = —pipaps + pi1e™ ™% + p3e? ™%,

It is obvious that H = H{ /2 — H,. The second Poisson tensor Py (3.11) in the matrix form
reads

0 —1 —1 P1 0 0
1 0 —1 0 223 0
open 1 1 O O 0 p’;
pen __ 3
P = . 0 0 0 _eti—a: 0 (3.13)
0 -2 0 el — 0 —e?2743
0 0 —D3 0 et 0
The control matrix F in (2.16) is the Frobenius matrix
—-H 1 0
F;Ipen =|—-H, 0 1}, (3.14)
—H; 0 O

where the coefficients ¢; = — H; coincide with integrals of motion.
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3.2. The Sklyanin variables

In this section, we consider another known family of the separated variables, which give rise
to the new bi-Hamiltonian structure for the open Toda lattice.

According to [7, 8] we can consider another set of the separated coordinates, which are
poles of the Baker—Akhiezer function ¥ associated with the Lax matrix T()) (3.3)

TONY = u(W)W, W, a) =1,

having the standard normalization @ = (1, 0).
In this case, the first half of variables is coming from (n — 1) finite roots and logarithm of
leading coefficient of the non-diagonal entry of the monodromy matrix

n—1

B(L) = —e ]‘[(x —vj). (3.15)
j=1
Another half is given by
uj=—InA@;), j=1,....,n—1, and anZp,-. (3.16)
i=1

These equations (3.16) are the separated equations.
In these separated variables other entries of 7'()) read

n n—1 n—1 n—1
)\,—U,'
AL = | A+ v; A—v;)+ e _ 3.17
o) 2 v | [0 =vy+ e [ 0= G.17)
j=1 J=1 Jj=1 i#]
and

n—1 n—1
Doy ——3 e ] A — i ’ Co— AWDG) — 1

= it Vj — B(}\.)

If we postulate the second Poisson brackets (2.12)
{vi, uj}} = v;dij, {vi,v;}] ={u;,u;j}7 =0
we gets
{A), A} ={BM), B(w}1 =0 (3.18)

and
1 n—1
{AQ), B} = m()»A(K)B(M) — nA()BQR)) +e™ (K +u+ Z Ui) B(1)B(1).
i=l

(3.19)

In initial (p, g) variables the last bracket looks like

n—1

1
{AQ), B} = m(kA(X)B(M) — AW BM)) +e™" (X + i+ Zpi) B(M)B(1).
i=1

(3.20)

The first bracket in (3.18) guarantees that integrals of motion H; (3.6) from A()) are in the
bi-involution.
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Substitute into the brackets (3.18)—(3.20) polynomials A(A) and B(X) in initial (p, q)
variables and solve the resulting equations to obtain the following Poisson tensor:

n-2 n—l n—1
ad a d 0 9 P
P;:Ze%‘*qwl /\_+Zp1_/\_+ AL
i=l Opini  Opi " 9qi Opi (= dq;  0qi

. g(pi RN I Z( ey 2
P pn g Opn  Opi
a + eqn—z_(h—l a A a

A +e‘“‘"2—a A

, (3.21)
3Pn 8Qn 31’1 3Pn 8pn—l 8pn

+p

where p = >""_| p; is a total momentum.
The tensor P[ is independent of g, and the minimal characteristic polynomial of the
corresponding recursion operator Ny = Pf PO_1 is equal to

Ay, = —e" (A + p)B(1).

The normalized traces of the powers of Ny are integrals of motion for (n — 1)-particle open
Toda lattice. As a consequence, the Hamiltonians H; (3.6) from A()) satisfy equation (2.16)
with the following control matrix:

open __ [(—P 0
FS _< K FMP> (3.22)

where F;Ipe" is the Frobenius matrix (2.17) associated with the recursion operator Ny, for
(n — 1)-particle open Toda lattice.

The corresponding separated equations follow directly from the definitions of (u, v)
variables (3.16):

e —A@w) =0, j=1,...,n-1 and v, —e =0, (3.23)
where A(L) = A" + Zl'.:ll a; A"~ and ; = H; are the values of integrals of motion. The first

(n — 1) separated equations give rise to the equations of motion
n—1
(A0, v} =Awp [ ]
-,V — U
i#]j
which are linearized by the Abel transformation [7]

n—1 Ve A )\j—l da
A(A),Z/ a,}=—w—', o= =11,
{ pas A@R)

where {0;} is a basis of Abelian differentials of first order on an algebraic curve z = A(A)
corresponding to the separated equations (3.23).

)\,—U,' .
, j=1,...,n—1, (3.24)

Remark 2. From the factorization of the monodromy matrix 7'(1) (3.3) one gets
Tn()") = n—l()\)Ln()")a = Bn ()") = _eann—l()")a

where B, (1) is the entry of the monodromy matrix 7, () of n-particle Toda lattice and A, _; (A)
is the entry of the monodromy matrix 7, (A) of (n — 1)-particle Toda lattice.

This implies that for the (n — 1)-particle chain the Moser variables A ; coincide with the
n — 1 Sklyanin variables u;,i =1, ...,n — 1, for the n-particle chain.



6404 AV Tsiganov

Example 3. At n = 3, the Poisson tensor P} in the matrix form reads

0 - 0 P 0 —pP1—p
1 0 0 0 P2 —Pp2—Pp
pr— 0 0 0 0 0 )4
7 —p 0 0 0 —_eli—®2 el —®
0 —p2 0 e 0 —ell ™
pi+p p2+p p —ed1 742 ed1— 92 0
and at n = 4 it looks like
Py
0 -1 —1 0 Di 0 0 —-p1—p
1 0 -1 0 0 P2 0 —p2—p
1 1 0 0 0 0 D3 —pP3—p
_ 0 0 0 0 0 0 0 p
| -p 0 0 0 0 —e?1 7 0 e e
0 —D2 0 0 e~ 0 —e27B e _ 0172
0 0 -p3 0 0 et~ 0 e~
pir+p p2+p p3+p p —el'=92 et 4 1192 92793 0
The corresponding control matrices F in (2.16) are given by
—P1—P2— D3 0 0
FP = 0 p1+ P2 1 (3.25)
0 —pip2+el ™ 0
and
—P1—P2—P3— D4 0 0 0
popen _ 0 p1+p2+ps 10
s 0 —p1p2— pip3— papy el e —e™B 0]
0 p1pap3 — pi1e®T® — pyet e 00

(3.26)

3.3. Periodic Toda lattice

In this section, we discuss two different bi-Hamiltonian structures for the periodic Toda lattice.
The trace of the Lax matrix 7 (1) (3.3) for the periodic Toda lattice

wrT(A) =AQ) + D) = A" + HA" '+ + Hy, {H;, H;} =0 (3.27)

generates n independent integrals of motion H; in the involution providing complete
integrability of the periodic Toda lattice [7]. For instance, the Hamilton function is equal
to

1 n n—1
H = - E pi2 + Z edi—di+1 4 g1
2 i=1 i=1

The Moser (X, 1) variables (3.8) are the separated variables for the open Toda lattice only.
Nevertheless, the bi-Hamiltonian structure for the periodic Toda lattice may be constructed
by using generic properties of the Sklyanin bracket (3.4) [10]. According to [10], in order to
get the second Poisson tensor PP for the periodic Toda lattice we have to apply canonical
transformation

pr— pir+e Pn —> Pn+eln. (3.28)
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open

to the tensor P, (3.11) for the open Toda lattice . In this case, the Hamiltonians (3.27) satisfy
equation (2.16) with the standard Frobenius matrix Fy (2.17) associated with the recursion
operator Nb' = P/ P! [10].

The Sklyanin (u, v) variables (3.15), (3.16) are the separated variables for the open and
periodic Toda lattices simultaneously. Therefore, the one Poisson tensor P} determines the
bi-Hamiltonian structure for both the Toda lattices, but the corresponding Hamiltonians satisfy
equation (2.16) with the slightly different control matrices Fg' " and F§- .

Namely, for the open Toda lattice the control matrix Fg' is given by (3.22). For the
periodic Toda lattice we have to change the first column of this control matrix F¢™" (3.22) by

the rule

n—1
per __ per __ ) open open .
Fiy =-p, Fo=1|p+ E D Fl2 +Fi+1’2, i=2,...,n, (3.29)
j=1
open
where F, ;5 =0.

Remark 3. For the open and periodic Toda lattices we have two matrix equations for the same
integrals of motion:

Ny, dH = dH Fy, N§{dH = dHF;.
So, we have various complimentary relations
NyNidH = dHFyFs or Ni(N;) 'dHFy = dHFs

between integrals of motion H;, recursion operators Ng, Nj; and the corresponding control
matrices Fy, F.

Example 4. For the three-particle periodic Toda lattice Hamiltonians H; (3.27) are

Hy = —(p1+ p2+ p3),
H2 = p1p2+ p1p3+ paps — el =2 _ o279 _ o374 ,
Hy = —pipops+ p1eP7% + pret 1 + py e ™%,

The second Poisson tensor (3.13) after canonical transformation (3.28) reads

0 —1 —1 e ' + p 0 e
1 0 -1 e D2 e
prer _ 1 1 0 e ! 0 p3 +e?
7 —e 0 — pp —e @ —e 1 0 —ei—02 B
0 —p2 0 el %2 0 —e?2—43
—e® —eh  —py—eB  —eBTd e 0

The corresponding control matrix F' in (2.16) is the Frobenius matrix

C1 1 0
FF"= e 0 1], (3.30)
C3 0 0

where
1 = —q1 q3
] =p1t+e + pr+ p3+et,

c2=—pip2—pip3— p2p3 — (p2+ p3) e — (p1+pr)e® +e? 7% 4eP78 — 7%,
— — — —q1+q2— —qo+
C3=((p3+eq~‘)p2—e’” q3)P1+(P3+eq3)Pze q1 _p3e!I| @2 _ om0 _ o123
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are the coefficients of the minimal characteristic polynomial of the corresponding recursion
per per 5—1

operator N), = P Py .

The same integrals of motion H; for the periodic Toda lattice satisfy equation (2.16) with

another recursion operator Ng = P ! P} and with the following control matrix (3.22)—(3.29):

—P1— P2~ D3 0 0
Fg& = | ™% — pipy+ (p1 + p2)(2p1 +2p2 + p3) i+ e (3.3D)
("™ — p1p2)2p1 +2p2 + p3) e —pipy 0

4. Conclusion

For the Toda lattice associated with the root system of <7, type we present two different
bi-Hamiltonian structures on M ~ R*'. The introduced Poisson tensors P; (3.11) and Py
(3.21) are incompatible

[P1, P{]1#0,

while the corresponding recursion operators Ny, = P PO_1 and Ny = Py P(,_1 take the diagonal
form in the Moser and the Sklyanin separated variables, respectively.

Some relations between two different recursion operators Ny, and N are briefly discussed
in remark 3. It will be interesting to clarify these relations with the geometric point of view.
For instance one would be interested to know what is the meaning of the (non-Poisson) tensor
Py — P}, which appears by transformation of the separated variables to the action—angle
variables.

Associated with the tensor P; brackets (3.10) were rewritten in the r-matrix form in [10].
It will be interesting to get the similar 7-matrix formulation for the brackets (3.18)—(3.20)
associated with the tensor P}
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